Abstract. The injection of a viscous fluid into a mould formed by two parallel plates is considered. The flow front is supposed to move at constant speed. It is assumed that there is complete adherence between the fluid and the mould walls, and that the environmental pressure is constant. For a Newtonian fluid the problem is described in terms of two analytic complex functions. The shape of the fluid surface is calculated by means of a conformal-mapping technique, which leads to a Hilbert problem. The results are compared with known finite-element simulations.
Introduction
Injection moulding is a process for the manufacture of products of a thermoplastic material. Before moulding this material is heated beyond its melting point and then injected under pressure into a mould cavity. In order to achieve complete filling of the cavity, pressure is maintained during the cooling stage of the process. When the material has solidified and has attained the mould shape, the product is ejected from the mould.
During the filling stage the fluid surface advances until the mould cavity has been filled completely. As the shape of the surface is unknown, it is called a free boundary. The flow directly behind the front resembles the flow of a fountain. Streamlines, initially parallel, diverge when approaching the flow front. Fluid particles decelerate and move outwards to the cavity walls. This characteristical flow is therefore referred to as "the fountain effect". We focus our attention on the free boundary, i.e. the fluid surface. Since it takes some time until the melting temperature has been reached, solid layers will form at a certain distance of the flow front. So the effects of cooling and solidification can be neglected and we may restrict ourselves to the isothermal problem.
A classical problem in injection moulding is the flow of a viscous fluid between two parallel plates. The solution of this problem also gives a realistic impression of the fountain flow and of the shape of the fluid surface in the case of a mould of a more general geometry. We use the model of an incompressible Newtonian fluid. This is a linear, homogeneous, isotropic fluid, for which the stresses depend linearly on the strain rate. The equations describing the fluid behaviour are the incompressibility condition, the equilibrium of the stresses and the constitutive equations. The boundary conditions for the typical geometry of the fountain flow are determined by the following assumptions. The fluid will fully adhere to the mould walls, which means that no slip will occur. It is supposed that the fluid surface advances at a constant speed and that its shape does not alter. The environmental pressure is assumed to be constant and the effects of surface tension are neglected. In order to complete the mathematical formulation of the problem we need the condition that the velocity field is fully developed far behind the flow front. This fully developed velocity field for a Newtonian fluid is the Poiseuille flow.
This free-boundary problem has been analysed by Mavridis, Hrymak and Vlachopoulos [7] , who used a finite-element simulation, and by Dierieck [2], who introduced a stream function to satisfy the incompressibility condition. To determine the shape of the free boundary both authors use an iterative method involving much numerical effort. For a more specific treatment of the fountain effect we employ an alternative method of solution based on the theory of complex functions. The incompressibility condition is satisfied by the introduction of a stream function and the equations of equilibrium of the stresses are satisfied by the introduction of a stress function. The constitutive equations relate these two functions to each other. As a consequence these functions are solutions of the biharmonic equation. All equations are satisfied by the introduction of two independent analytic functions. These analytic functions are completely determined by the boundary conditions. The problem is solved by a conformal-mapping technique leading to a Hilbert problem. This method of solution is often used in the theory of linear elasticity, e.g. see England [3] , Muskhelishvili [9] , and can be applied to the current problem, because the behaviour of an incompressible Newtonian fluid and of an incompressible linear-elastic (Hookean) material is governed by essentially the same equations. The theory presented by Muskhelishvili and England is usually applied to elastic bodies of a shape that is known beforehand. In this paper we deal with a free-boundary problem, which means that the flow region has an unknown shape. Nevertheless, the conformal mapping technique can still be used to calculate the velocity field together with the shape of the free boundary. The theory of complex functions was also used by Garabedian [4] , who derived the solution of several inverse problems. He prescribed the shape of the free boundary and calculated the velocity of the fluid for some specific geometries.
The fundamental equations
An incompressible Newtonian fluid is injected into the space between two parallel plates at mutual distance 2h. The flow front moves with a constant velocity Vf relative to the fixed walls as shown in Fig. 2.1 . The problem will be described in a moving frame of reference defined by
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